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Abstract—Subspace-based methods are known to provide a practical solution for image set-based object recognition. Based on the

insight that local shape differences between objects offer a sensitive cue for recognition, this paper addresses the problem of extracting

a subspace representing the difference components between class subspaces generated from each set of object images

independently of each other. We first introduce the difference subspace (DS), a novel geometric concept between two subspaces as an

extension of a difference vector between two vectors, and describe its effectiveness in analyzing shape differences. We then

generalize it to the generalized difference subspace (GDS) for multi-class subspaces, and show the benefit of applying this to subspace

and mutual subspace methods, in terms of recognition capability. Furthermore, we extend these methods to kernel DS (KDS) and

kernel GDS (KGDS) by a nonlinear kernel mapping to deal with cases involving larger changes in viewing direction. In summary, the

contributions of this paper are as follows: 1) a DS/KDS between two class subspaces characterizes shape differences between the two

respectively corresponding objects, 2) the projection of an input vector onto a DS/KDS realizes selective visualization of shape

differences between objects, and 3) the projection of an input vector or subspace onto a GDS/KGDS is extremely effective at extracting

differences between multiple subspaces, and therefore improves object recognition performance. We demonstrate validity through

shape analysis on synthetic and real images of 3D objects as well as extensive comparison of performance on classification tests with

several related methods; we study the performance in face image classification on the Yale face database B+ and the CMU Multi-PIE

database, and hand shape classification of multi-view images.

Index Terms—Subspace method, mutual subspace method, canonical angles, difference subspace, 3D object recognition

Ç

1 INTRODUCTION

SUBSPACE-BASED methods [1], [2], [3], which provide a
practical solution for pattern recognition in image sets,

have been a central research topic for object recognition in
computer vision. This is because a set of images of an object
can be effectively modeled by a low-dimensional subspace
of a high-dimensional vector space [4], [5], [6], [7], [8].

The recognition task in this framework is to compare an
input image or a set of input images to the image sets of
reference class objects, and classify the (set of) input images
into the correct class. It is assumed that each object region is
roughly segmented and normalized with respect to size in
advance of classification [5], [7], [9], [10], [11], [12], [13], [14].
In the recognition process, an image of a 3D object, repre-
sented by w�h pixels, is treated as a vector in a w�h-dimen-
sional vector space. A set of images of the object is thus
represented as a low-dimensional subspace of the vector
space. Such a subspace is typically generated by applying to
the image set either the Karhunen–Lo�eve expansion (also
known as principal component analysis (PCA)), or Gram–
Schmidt orthogonalization.

Subspaces considered in this paper implicitly contain
information about the shape of a 3D object. When the image

set of a 3D object with a convex Lambertian surface under a
fixed viewpoint and several different illumination condi-
tions is considered, the subspace generated from the image
set is called an illumination subspace. It contains explicit
information about the shape and albedo of the object in the
form of their inner products [4], [5], [6], [7], [8]. If an object
has uniform albedo, its illumination subspace contains
shape information only. This implies that structural similar-
ity between two illumination subspaces is related to shape
similarity between the objects represented by those subspa-
ces [10], [15], [16].

The structural similarity between two subspaces can be
mathematically measured by a set of canonical (or princi-
pal) angles between them [17], [18]. A canonical angle is a
natural extension of the angle between two vectors. All
canonical angles between perfectly coincident subspaces
are zero; all canonical angles between orthogonal subspaces
are 90 degree.

One of the most popular methods of classification by
canonical angles is the mutual subspace method (MSM) [9].
MSM is a natural extension of the classic and well-known
subspace method (SM) [1], [2], [3], whose input is one vec-
tor. In contrast to SM, MSM classifies on the basis of the
canonical angles between an input subspace and the object
class subspaces. These subspaces are generated from the
sets of images of the unknown object and those of the refer-
ence class objects, respectively. The characteristics of SM
and MSM make them both excellent at handling multiple
classes by their nature, unlike binary classifiers including
support vector machines. This ability to handle multiple
classes is extremely important for multi-class applications
such as facial recognition. Both SM and MSM generate a
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subspace for each class; this also makes them quite different
from the Eigenface [19] and Fisherface methods [20].

Despite the strengths of SM and MSM, their ability to
directly classify objects is still limited in the sense that the
class subspaces are generated independently of each other
[3]. Although each subspace is a good representation, in
terms of least mean square approximation of the distribu-
tion of the training images, there is no reason to assume a
priori that these representations are the optimal subspaces
for classification. When distinguishing between similar
objects, a measure of similarity based on such naively
chosen subspaces will be inherently unreliable, because it
captures just the global shape similarity between the objects.
Our insight is that local shape differences between objects
should be a more stable and sensitive measure for dealing
with objects having subtle differences.

In this paper, we propose a framework to extract local
shape differences between distinct objects and then perform
a classification using those differences. To simplify the fol-
lowing discussion, we primarily consider the case that all
objects under consideration have uniform albedo. In this
case, since the shape information of each object is well mod-
eled by the corresponding illumination subspace, the shape
difference between two objects is well captured by the differ-
ence components between the corresponding illumination
subspaces. If desired, this framework can be extended to
objects that do not have uniform albedo by simultaneously
considering differences in shape and albedo.

The problem we address here is, therefore, how to extract
the subspace corresponding to the difference components of
a pair of original subspaces. To address the problem, we
first geometrically define the concept of difference subspace
(DS), which represents the difference components between
two subspaces; these components are based on the canoni-
cal angles. A DS is a natural extension of the difference vec-
tor concept to a pair of subspaces. Therefore, the projection
of a vector or a subspace onto a DS enables us to extract dif-
ference components between two class subspaces from the
vector or subspace.

To handle more than two class subspaces, we generalize
the concept of a DS to a generalized difference subspace (GDS),
which contains the difference components among the class
subspaces. For this generalization, we first show that a DS
between two subspaces can be defined analytically by using
the two projection matrices of the subspaces. From this ana-
lytical definition, we can then systematically generate a
GDS. The projection on a GDS allows us to extract differ-
ence components between multiple class subspaces. In the
context of 3D object recognition, this projection extracts
shape differences between 3D objects.

Interestingly, in addition to the above qualitative under-
standing, the properties of GDS projection can be under-
stood quantitatively: it expands the canonical angles
between different class subspaces towards an orthogonal
relationship. In this respect, GDS projection is closely
related to the orthogonalization method proposed by Fuku-
naga and Koontz [21], [22].

Specifically, our approach to enhancing the classification
ability of SM and MSM is to incorporate GDS projection
into the framework of SM or MSM. See Fig. 1, which shows
the concept. We call the enhanced SM and MSM constrained

SM and MSM (CSM and CMSM), respectively. CSM and
CMSM use the canonical angles uc between the projected

subspaces, PC and QC , as a new measure of similarity. The
term “constrained” reflects the fact that we perform conven-
tional SM andMSM on a constraint subspace which satisfies
some constraints. Various types of constraint subspaces are
possible depending on the application. We choose to use
GDSs as constraint subspaces in this paper.

Furthermore, we take nonlinearity of inputs into account.
Although GDS projection works well for many data sets, the
performance may degrade significantly as is the case with
SM and MSM for image sets, such as multi-view images of
3D objects, due to their highly nonlinear structure. To cope
with this problem, we use nonlinear subspaces generated
by kernel principal component analysis (KPCA) [23] and
then construct a nonlinear kernel DS (KDS) and a kernel
GDS (KGDS) from these subspaces. We will show that
KGDS can improve the performances of kernel SM [24], [25]
and kernel MSM (KMSM) [11], [26] in the way that GDS can
improve the performances of SM and MSM.

The main contributions of this paper are summarized as
follows.

1) We describe the intrinsic characteristics of the types
of difference subspaces (DS, GDS, KDS and KGDS)
both theoretically and practically.

1-1) We confirm that these difference subspaces rep-
resent difference components between subspaces
through their visualization by illumination sub-
spaces of 3D objects.

1-2) We discuss a close relationship between projec-
ting class subspaces onto a GDS/KGDS and the
orthogonalization method of the class subspaces.
We demonstrate that the projection works effec-
tively as a pseudo-orthogonalization of class
subspaces.

2) By using the above, we show that the optimal dimen-
sion of a GDS/KGDS should be set to the value that
maximizes the overall mean of the canonical angles
between projected class subspaces.

3) We demonstrate clearly by three different types of
evaluation experiments that GDS/KGDS projection
is an effective method to enhance the performance of
conventional subspace-based methods.

Fig. 1. Conceptual diagram of the constrained mutual subspace method.
The canonical angles fuCg between the two projected subspaces PC

and QC onto the GDS are measured. Since it is not possible to
depict the subspaces in a high-dimensional space, we show these
schematically.
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Although some ideas in this paper have appeared in ear-
lier publications [15], [27] in preliminary form, the present
paper contains a more general formulation of our frame-
work as well as the novel GDS, and provides a more in-
depth discussion on the natures of the difference subspaces.
We also report the results of new extensive experiments on
object recognition, as well as on demonstrations of differ-
ence subspaces. These results are evidence for the utility of
our proposed methods.

The rest of this paper is organized as follows. Section 2
reviews related work, especially the relationship to orthogo-
nalization. Section 3 describes the concept of canonical
angles and the algorithms of SM and MSM. In Sections 4
and 5, the novel concepts of DS and GDS are introduced
and their optimal dimensionalities are discussed. KDS and
KGDS are constructed in Section 6. In Section 7, GDS/KGDS
projection is incorporated into MSM/KMSM. In Section 8,
the characteristics of DS and GDS using synthetic and real
3D objects are shown, and the validity of GDS/KGDS projec-
tion is experimentally confirmed by using public and in-
house databases. Section 9 summarizes our conclusions.

2 RELATED WORK

In this section, we describe the close relationship between
GDS/KGDS projection in CSM and CMSM and the orthogo-
nalization transformation (whitening transformation) [3],
[22], a well-known method to enhance the performance of
subspace-based methods such as SM and MSM [3], [28],
[29], [30], [31].

The orthogonalization of given class subspaces can be
accomplished by whitening the mixture auto-correlation
matrix R of the basis vectors (the learning vectors) of all the
class subspaces. Matrix R can be diagonalized by using an

orthogonal matrix U as URUT=L. The orthogonalization

transformation matrix is then given as L�1=2U [3], [22]. This
equation means that the orthogonalization transformation
has been realized by minimizing the variance of variances
in the direction of basis vectors in the image vector space.

In contrast, projecting a subspace to GDS/KGDS is
equivalent to removing the principal components of each
class subspace, as described in Section 4. This operation
discards basis vectors with larger variances and keeps those
basis vectors with relatively smaller variances in the image
vector space. Consequently, the variance of the variances
due to the remaining basis vectors becomes smaller than
that from the whole set of basis vectors. This means that
characteristics similar to those achieved by the orthogonali-
zation transformation are realized. Despite this positive
effect, the above operation also has the drawback of reduc-
ing orthogonality between class subspaces by projecting a
vector (resp. subspace) onto a GDS (resp. KGDS) with
smaller dimension than the original space. Thus, these two
factors need be considered to fully describe how GDS/
KGDS projection achieves quasi-orthogonality. We opt to
demonstrate the quasi-orthogonality by GDS/KGDS projec-
tion experimentally, as theoretical analysis is beyond the
scope of this paper.

The orthogonalization method achieves the maximum
possible orthogonality. In particular, complete orthogonali-
zation can be achieved with a kernel mapping function.

However, performance degrades in cases where common
subspaces exist between the given class subspaces. These
common subspaces affect classification because orthogonal-
ization does not remove them. In contrast, our method auto-
matically removes common subspaces and is hence hardly
affected by their existence.

In terms of orthogonalization, CMSM and kernel CMSM
(KCMSM) are also related to the whitening MSM [29], the
orthogonal subspace methods (OSM) [28], and the kernel
orthogonal MSM (KOMSM) [31]. From what has been
discussed so far, CMSM and KCMSM are expected to have
the same level performance as those methods. Moreover,
CMSM relates to discriminant analysis of canonical correla-
tions (DCC) as discussed in [13]. DCC attempts to maximize
the canonical angle of between-class subspaces while mini-
mizing the canonical angles of within-class subspaces. This
operation is closely related to orthogonalization.

In a broader sense, the proposed methods are also related
to analysis on the Grassmann manifold [32], [33], [34]. It is
defined by a set of r-dimensional subspaces in an f-dimen-
sional vector space as Grðr; fÞ. In this framework, each sub-
space is treated as a point on the Grassmann manifold. In
this respect, MSM can be seen as the simplest form using
the distance between two points on the manifold. Hence,
for our reference, we also study the performance of Grass-
mann discriminate analysis (GDA) [32], an example of
Grassmann manifold–based methods, and additionally dis-
cuss its relation to our proposed methods.

3 THE FORMULATION OF SUBSPACE-BASED

METHODS

In this section we define canonical angles, and then outline
the MSM algorithm.

3.1 Definition of Canonical Angles

Suppose an f-dimensional vector space with an
Np-dimensional subspace P and an Nq-dimensional sub-
spaceQ. For convenience, we supposeNp � Nq. The canoni-
cal angles f0 � u1; . . . ; uNp � p

2g between P and Q are

recursively defined as follows [17], [18]:

cos ui ¼ max
u2P

max
v2Q

uTv ¼ uT
i vi; (1)

s:t:kuk ¼ kvk ¼ 1;uT
i uj ¼ vT

i vj ¼ 0; j ¼ 1; . . .; i� 1;
where ui and vi are the canonical vectors that form the

ith smallest canonical angle, ui. The first canonical angle u1
is the smallest angle between P and Q. The second smallest
angle u2 is the smallest angle in a direction orthogonal to
that of u1. The remaining ui for i ¼ 3; . . . ; Np are calculated
analogously, in a direction orthogonal to all smaller canoni-
cal angles.

There are several methods to calculate canonical angles
[9], [17], [18]. The simplest and most practical method is
singular value decomposition (SVD). Assume that A ¼ ½F1

. . .FNp � 2 Rf�Np and B ¼ ½C1 . . .CNq � 2 Rf�Nq form unitary

orthogonal bases for the two subspaces P and Q. Let

the SVD of ATB 2 RNp�Nq be ATB ¼ USVT ; s:t: S ¼
diagðk1; . . . ; kNpÞ. The canonical angles fuigMi¼1 can be

obtained as fcos�1ðk1Þ; . . . ; cos�1ðkNpÞg ðk1�; . . . ;� kNpÞ.
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The corresponding canonical vectors, ui;viði ¼ 1; . . . ; NpÞ
are obtained by the equations u1. . .uNp � ¼ AU

�
and

v1. . .vNp � ¼ BV
�

. The similarity between the two subspa-

ces P and Q is measured by t angles as follows:

S½t� ¼ 1

t

Xt
i¼1

cos 2ui; 1�t�Np: (2)

3.2 Process Flow of Mutual Subspace Method

MSM proceeds as follows. Let us consider a set of L images
of a class k object ðk ¼ 1; . . .; CÞ and denote the images as

fð¼ w�hÞ dimensional vectors, fxk
l gLl¼1, for images with

w�h pixels.
In the training phase,

1) an f�f auto-correlation matrix is computed as

Rk ¼ 1
L

PL
l¼1 x

k
l x

k
l
T
from the given fxk

l gLl¼1,

2) the orthonormal basis vectors of an Nd-dimensional
subspace Pk of each class k are obtained as the eigen-
vectors corresponding to the Nd largest eigenvalues

ofRk, and
3) all of the class subspaces fPkgCk¼1 are generated.
In the testing phase,

1) an Nin-dimensional input subspace, I , is generated

from a set of L
0
input images fxin

l gL
0

l¼1 for an
unknown object,

2) the similarities fSkgCk¼1 between I and all the class

subspaces fPkgCk¼1 are calculated using Eq. (2), and
3) I is classified into the class subspace with which it

exhibits the highest similarity.
Note that in the SM [1], [3], I is replaced with an input

vector for the testing phase.

4 CONCEPT OF DIFFERENCE SUBSPACES

In this section, we first define the DS between two subspaces
geometrically. This definition is based on the canonical vec-
tors that form the canonical angles between the subspaces.
We then offer an equivalent analytic definition of the differ-
ence subspace by using the orthogonal projection matrices
of the subspaces.

4.1 Geometrical Definition of Difference Subspace

The difference subspace is a natural extension of the differ-
ence vector between two vectors, u and v, as shown in
Fig. 2a.

We denote the difference subspace between the Np

-dimensional subspace P and the Nq-dimensional subspace

Q as ~D2. The tilde is to distinguish the difference subspace
from the generalized difference subspace between P and Q,
and the index “2” represents the number of classes to be
classified. This will be defined shortly.

When there is no intersection between the two subspaces,

Np canonical angles fuigNp

i¼1 (we assume Np � NqÞ are
obtained between the subspaces as shown in Fig. 2b. Let di

be the difference vector ui � vi between canonical vectors
ui 2 P and vi 2 Q, which form the ith canonical angle ui.

The vectors fdigNp
i¼1 are all mutually orthogonal, since the

directions of all the canonical angles are orthogonal to each
other as described in Section 3. After normalizing the length
of each di to 1, we regard the set of normalized difference

vectors �di as an orthonormal basis of ~D2. ~D2 is then defined

as �d1; . . . ; �dNp

� �
.

4.2 Analytic Definition of Difference Subspace

We now define ~D2 analytically by using the concept of an
orthogonal projection matrix, which corresponds to the
orthogonal projection operator onto a subspace. For the
two subspaces P and Q considered in Section 3, the corre-
sponding projection matrices P and Q are calculated asPNp

i¼1 FiFi
T and

PNq
i¼1 CiCi

T , respectively. In the following
discussion, we assume thatNp is equal to Nq for simplicity.

Lemma. �i=ð��
i � 1Þ2 where ��

i and �i are the ith largest eigen-
value of matrix PþQ and that of matrix PQ, respectively.

Proof. Let D2 be a diagonal matrix whose entries are the pos-
itive eigenvalues of PþQ. Let W be a matrix with each
column containing the normalized eigenvector of PþQ

for the corresponding eigenvalue in D2. The relationship

ðPþQÞW ¼ WD2 holds. By premultiplying the above
equation by P and Q, we obtain the two equations

PðQWÞ ¼ PWðD2 � IÞ and QðPWÞ ¼ QWðD2 � IÞ,
respectively. Further, by substituting the second of these
equations into the first, we obtain the equation ðPQÞ
ðPWÞ ¼ ðPWÞðD2 � IÞ2. Hence, the relationship � ¼
ð��

i � 1Þ2 holds. tu
Theorem. The ith basis vector �di of the difference subspace ~D2 is

equal to the normalized eigenvector xi of PþQ that corre-
sponds to the ith smallest eigenvalue smaller than 1.

Proof. From the Lemma, we can see that the eigenvalues ��
i

of PþQ are written with 1	 ffiffiffiffiffi
�i

p
. Thus, we obtain the

following equation for an eigenvector x:

ðPþQÞx ¼ ð1	
ffiffiffiffiffi
�i

p
Þx: (3)

Although the equation has two forms, depending on the
sign of the right-hand side, we focus on the case where

Fig. 2. Conceptual diagram of difference subspace: (a) difference vector

d between u and v; (b) difference subspace ~D2 betweenNp-dimensional
subspaces P and Nq-dimensional Q is defined with the canonical vec-
tors ui 2 P and vi 2 Q forming the ith canonical angle ui between them.

The orthogonal bases f �digNp
i¼1 of

~D2 are obtained by normalizing the dif-
ference vectors di between ui and vi.
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the magnitude of the eigenvalue is smaller than 1.0. In
this case, the eigenvalue of PþQ is 1� ffiffiffiffiffi

�i

p
.

First, we consider the i ¼ 1 case, as follows:

ðPþQÞx1 ¼ ð1�
ffiffiffiffiffi
�1

p
Þx1: (4)

Note that x1 is the desired eigenvector, corresponding to
the smallest eigenvalue of P +Q.

Since vector x1 is an eigenvector of P + Q, it can be
represented by a linear combination ofNp pairs of canon-
ical vectors, ui 2 P and vi 2 Q, with weights ai and bi

such that x1 ¼
PNp

i¼1 aiui þ
PNp

i¼1 bivi. Substituting this
equation into Eq. (4),

ðPþQÞ
XNp

i¼1

aiui þ
XNp

i¼1

bivi

!

¼ ð1�
ffiffiffiffiffi
�1

p
Þ
XNp

i¼1

aiui þ
XNp

i¼1

bivi

 !
:

(5)

The variables in the above equation have the following
relationships for mi ¼

ffiffiffiffiffi
�i

p
: Pvi ¼ miui, Qui ¼ mivi,

Pui ¼ ui, and Qvi ¼ vi [35]. Using these relationships,
we obtain the following equation from Eq. (5).

XNp

i¼1

ðbimi þ aim1Þui þ
XNp

i¼1

ðaimi þ bim1Þvi ¼ 0: (6)

Here, since the vectors {u1; . . . ;uNp ,v1; . . . ;vNp } are line-
arly independent, all the coefficients of the vectors ui and
vi must be zero. Hence, the following relationships hold.

a1m1 þ b1m1 ¼ 0; (7)

a2m1 þ b2m2 ¼ a2m2 þ b2m1 ¼ 0; (8)

..

.

aNpm1 þ bNpmNp
¼ aNpmNp

þ bNpm1 ¼ 0: (9)

From Eq. (7) we obtain that a1 ¼ �b1, and from Eq. (8)
that ða2 þ b2Þðm1 þ m2Þ ¼ 0. Here, since m1 þ m2 6¼ 0, also
a2 ¼ �b2. Thus, we obtain that a2ðm2 � m1Þ ¼ 0 and
b2ðm2 � m1Þ ¼ 0 by substituting the above relationship
into Eq. (8). Since m2 6¼ m1, we obtain that a2 ¼ b2 ¼ 0.

Similarly, the other coefficients, faigNp
i¼3 and fbigNp

i¼3, are
all zeros. Finally, the eigenvector x1, which satisfies
Eq. (4), can be written as x1 ¼ a1ðu1 � v1Þ.

In the same way, the eigenvector fxigNp

i¼2, which satis-

fies the equation ðPþQÞxi ¼ ð1� ffiffiffiffiffi
�i

p Þxi, can be written
as xi ¼ aiðui � viÞ. Since xi is a normalized eigenvector,

it holds that �di ¼ xi from the definition that
di ¼ ui � vi. tu

Definition. In addition to ~D2, We define the subspace that is
spanned by the eigenvectors of PþQ corresponding to eigen-
values larger than 1 as the principal component subspace

(PCS), ~M2, in the sense that it consists of the principal compo-
nents of the two subspaces P and Q.

The correspondence relationships described above can
be summarized as follows.

1) The Np eigenvectors of matrix PþQ that corre-
spond to eigenvalues larger than 1 span the principal

component subspace ~M2.
2) The Np eigenvectors of matrix PþQ that corre-

spond to eigenvalues smaller than 1 span the differ-

ence subspace ~D2.
The relationships indicate that the sum subspaceW2 of P

and Q, spanned by all the Np�2 eigenvectors of matrix

PþQ, can be directly decomposed to ~M2 and ~D2 such that

W2 ¼ ~M2
~D2. Fig. 3 shows a conceptual diagram of this
direct sum decomposition.

This decomposition suggests that the DS defined as the
subspace representing the difference between two subspa-
ces can be computed simultaneously with the subspace that
is generated by removing the PCS of the two subspaces
from their sum subspace.

Fig. 4 shows the three-dimensional basis vectors of sub-
spaces ~M2 and ~D2 between two three-dimensional illumina-
tion subspaces of two synthetic hemispheres with identical
centers and different diameters.

5 GENERALIZED DIFFERENCE SUBSPACE

Based on the analytic definition of difference subspace
introduced in the preceding section, we generalize the con-
cept of the difference subspace to the case of differences
between two or more subspaces.

5.1 Generalization with Projection Matrices

Fig. 5 shows the conceptual diagram of the generalized dif-
ference subspace for C � 2 subspaces.

Given Cð� 2Þ N-dimensional class subspaces, Pkðk ¼
1; . . .; CÞ, a GDS DC can be defined as the subspace

Fig. 3. Direct sum decomposition of sum subspace W2 of P and Q into
~M2 and ~D2.

Fig. 4. Examples of ~M2 and ~D2 between two 3-dimensional illumination
subspaces P andQ.
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produced by removing the PCS MC of all the class subspa-
ces from the sum subspace WC of those subspaces. From
this definition, the GDS DC is spanned by Nd eigenvectors,

fdigN�C
i¼N�C�Ndþ1 corresponding to the Nd smallest eigenval-

ues, �i, of the sum matrix G ¼PC
k¼1 Pk of orthogonal pro-

jection matrices Pk of the class k. Note that the GDS D2

coincides with ~D2 if the dimensions ofM2 and D2 are equal.
This equation may appear to be an equation of PCA in that
basis vectors of all the subspaces are regarded as sample
vectors. However, it differs from PCA because all sample
vectors belonging to the same class should be orthogonal to
each other. DC contains only the essential component for
discriminating all the classes, since it is orthogonal to the
principal component subspace MC which represents the
principal component of all the class subspaces.

Fig. 6 shows the basis vectors of a six-dimensional D3

between the three-dimensional illumination subspaces of
three planes with three small and one large hemispheres.
The large hemispheres are put at the center, and the other
three small hemispheres are put at each corner. The visuali-
zation result shows that the basis vectors of the D3 contain
no information on the two common hemispheres (the small
hemisphere at the upper left and the large hemisphere at
the center) but retaining information of the other hemi-
spheres as a difference.

Fig. 7 shows the orthonormal basis vectors of M128 and
D128 of 128 16-dimensional illumination subspaces of the
front faces of 128 subjects from the CMU Multi-PIE data-
base [36]. This database consists of face images of 337 sub-
jects, captured from 15 viewpoints with 20 lighting
conditions in four recording sessions. In this visualization,
we used front face images only of 128 subjects, with
images collected across all four sessions. We took a sub-
sampled image of size 16�16 pixels from an original
image; we cropped this image by reference to the two
inner corners of the eyes and the tip of the nose. The
dimension of D128 was set to 211 according to a criterion
that will be discussed next.

5.2 Selection of the Optimal Dimension of GDS

To consider how to select the optimal dimension of a GDS,
we measured how the canonical angles between illumina-
tion subspaces are expanded by projecting them onto the
GDS. As the measure, we introduced the orthogonal degree,

v ¼ 1:0� �S, between two projected subspaces over all the

pairs, where �S is the mean of the similarities S in Eq. (2). As

the relationship between the subspaces approaches perfect
orthogonality, v approaches 1.0.

In addition, we measured three performance indexes:
class separability, error equal rate (EER), and recognition
error rate (ER), to examine the extent to which the orthogo-
nal degree corresponds to the discriminative ability of the
GDS. Class separability represents the ratio of the similari-
ties within classes and that between classes, and is equiva-
lent to the Fisher criterion. The recognition performance is
higher as the separability is closer to 1.0.

These indexes were measured by applying MSM to the
projected testing subspaces while varying the dimension of
the GDS from 256 to 60. The reference subspace of each sub-
ject was generated from 20 front face images in a session
subset of the data set used in the preceding section, and the
testing subspaces were generated from the subsets in the
remaining three sessions.

The value of vwas also measured by using the three test-
ing subsets as the reference subspaces. We repeated the
above measurements four times by changing the combina-
tion of the reference and testing subspaces. Finally, we used
the means of all the indexes as the final values of v and as
three performance indexes.

Fig. 8 shows changes in the resulting indexes against the
dimension of the GDS. When the dimension is 256, all the
indexes are the same as for MSM. Here note that v was

Fig. 5. Conceptual diagram of GDS DC for C subspaces fPkgCk¼1,
obtained by removing the PCS MC from the sum subspace of the
subspaces. Fig. 6. PCSM3 and GDSD3 of three three-dimensional illumination sub-

spaces of different synthetic objects.

Fig. 7. Orthogonal basis vectors of M128 in the upper region (a) with 45
dimensions, and D128 in the remaining region (b) with 211 dimensions.
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calculated as a predictive value by using just the reference
subspaces in the learning phase. The three indexes were the
actual values measured using both the reference and testing
subspaces in testing phase.

The graph indicates clearly that the trend of the value of v
corresponds well to those of the three performance indexes.
In particular, it is worth noting that all the indexes reach a
maximum near 211 dimensions, at which v has achieved a
maximum value of 0.89 (v is 0.31without projection).

In the previous case (Fig. 6), v achieved amaximum of 0.73
at dimension 6 of theGDS, atwhich dimension the differences
among the three objects appeared most clearly. In the case of
four three-dimensional subspaces of four 3D objects, v

achieved a maximum of 0.88 at dimension 9, at which dimen-
sion the differences among the objects weremost clear.

These observations lead to an idea: we should select the
dimension at which the value of v is maximum. This crite-
rion is easy to measure, and can be accurately estimated
even from a subset of all the class reference subspaces.

6 NONLINEAR KERNEL GENERALIZED

DIFFERENCE SUBSPACE

In this section, to deal with a set of multi-view images of a
3D object, we extend the GDS to nonlinear kernel GDS by
using nonlinear kernel principal component analysis [23].

6.1 Generation of Nonlinear Class Subspaces

Let f be the nonlinear function that maps the patterns

x ¼ ðx1; . . . ; xfÞT of an f-dimensional input space I onto an

ff-dimensional feature space F , f : Rf ! Rff ;x ! fðxÞ,
where ff � f .

Given an N-dimensional nonlinear subspace Vk of class k

generated by applying KPCA to L training patterns fxk
l gLl¼1,

the N orthonormal basis vectors feki gNi¼1, which span the
nonlinear subspace Vk, can be represented by the linear

combination of ffðxk
l ÞgLl¼1 as eki ¼

PL
l¼1 akil fðxk

l Þ, where the

coefficient akil is the lth component of the eigenvector aki
corresponding to the ith largest eigenvalue �i of the L�L
Gram matrix K. The elements of matrix K are defined as

½kll0 �, where kll0 ¼ ðfðxk
l Þ � fðxk

l0 ÞÞ ¼ kðxk
l ;x

k
l
0 Þ. We use an

exponential kernel function kðx;yÞ ¼ expð� jjx�yjj2
s2

Þ. The vec-
tor of aki is normalized to satisfy �iðaki � aki Þ=1.

6.2 Generation of KGDS

We generate Nf
d -dimensional KGDS Df from the set of C

N-dimensional nonlinear class subspaces fVkgCk¼1. The
orthonormal basis of a KGDS can be obtained from all the
orthonormal basis vectors of all the nonlinear subspaces;
that is, the C�N basis vectors are used to find the orthonor-
mal basis. This calculation is equivalent to applying PCA to
all basis vectors. Let E be the matrix that contains all the

basis vectors as columns: E ¼ ½e11 . . . e1N . . . eC1 . . . eCN �: Then,
we solve the eigenvalue problem of the matrix D, defined

as ETE. In the calculation of each element of the matrix D,
the inner product between the ith orthonormal basis vector

eki of the subspace of class k and the jth orthonormal basis

vector ek
0

j of the subspace of class k0 can be obtained as the

linear combination of kernel functions kðxk
l ;x

k0
i0 Þ as follows:

ðeki � ek
0

j Þ ¼
XL
l¼1

akilfðxk
l Þ �
XL
l0¼1

ak
0

jl0fðxk0
l0 Þ
!

(10)

¼
XL
l¼1

XL
l0¼1

akila
k0
jl0 ðfðxk

l Þ � fðxk0
i0 ÞÞ (11)

¼
XL
l¼1

XL
l0¼1

akila
k0
jl0kðxk

l ;x
k0
l0 Þ: (12)

The ith orthonormal basis vector df
i of the KGDS Df can be

represented as a linear combination of the vectors fEjgC�N
j¼1 ,

i.e. df
i ¼PC�N

j¼1 bij Ej where Ej indicates the jth column of

the matrix E, and the weighting coefficient bij is the jth
component of the eigenvector bi that corresponds to the ith
smallest eigenvalue bi of the matrix D under the condition
that the vector bi is normalized to satisfy that biðbi � biÞ=1.

Ej corresponds to the hðjÞth basis vector of class zðjÞ,
where   hðjÞ ¼ modðj-1; NÞ + 1  and  zðjÞ ¼ floorðj-1=NÞ + 1 .

The above notation for di may be written as follows:

XC�N

j¼1

bij Ej ¼
XC�N

j¼1

bij
XL
l¼1

a
zðjÞ
hðjÞlfðxzðjÞ

l Þ (13)

¼
XC�N

j¼1

XL
l¼1

bija
zðjÞ
hðjÞlfðxzðjÞ

l Þ: (14)

6.3 Projection onto KDS

It is impossible to visualize the orthonormal basis vectors df
i

of the KGDS Df. However, the projection tðfðxÞÞ of the

mapped pattern fðxÞ onto the basis vectors df
i can be calcu-

lated from an input pattern x and all L�C training patterns

fxk
l gLl¼1ðk ¼ 1; . . .; CÞ as follows:

ðfðxÞ � df
i Þ ¼

XC�N

j¼1

XL
l¼1

bija
zðjÞ
hðjÞlðfðxzðjÞ

l Þ � fðxÞÞ (15)

¼
XC�N

j¼1

XL
l¼1

bija
zðjÞ
hðjÞlkðxzðjÞ

l ;xÞ; (16)

Fig. 8. Changes in the orthogonal degree between the projected
subspaces and three performance indexes against the dimension of
the GDS.
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where we can easily compute kðxzðjÞ
l ;xÞ through kðx;

yÞ ¼ expð� kx�yk2
s2

Þ. Finally, the projection tðfðxÞÞ of the

mapped fðxÞ onto the Nf
d ð< C�NÞ dimensional KGDS is

represented as following:

tðfðxÞÞ ¼ ðz1; . . . ; zNf
d
ÞT ; zi ¼ ðfðxÞ � df

i Þ: (17)

7 INCORPORATION OF GDS/KGDS PROJECTION

INTO MSM/KMSM

In this section, we describe the CMSM and KCMSM algo-
rithms. As described in Section 1, the essence of CMSM/
KCMSM is to conduct MSM/KMSM on GDS/KGDS. Thus,
the key matter of interest here is the way to project the input
subspace and class subspaces onto the GDS/KGDS. There
are two ways that give equivalent results. One is to project
the basis vectors of each subspace onto GDS/KGDS and
then normalize the projected basis, which is further fol-
lowed by Gram-Schmidt orthogonalization after the ortho-
normality is lost by the projection. The alternative is to first
project the sample images for each subspace and then gen-
erate a subspace from the projected images. We base our
description on this second method as it is more straightfor-
ward to understand.

7.1 Algorithm of the CMSM

Given: a set of C N-dimensional class subspaces fPkgCk¼1

generated from the set of the L training image patterns

fxk
l gLl¼1 of each class k.
In the training phase,

1) an Nd-dimensional GDS Dc is generated from a set of

the class subspaces fPkgCk¼1 in the way described in
Section 5,

2) the training images fxk
l gLl¼1 of class k are projected

onto the Dc, and
3) the N-dimensional class subspace PD

k of class k is
generated by applying PCA to the projected images

ftðxk
l ÞgLl¼1.

In the testing phase,

1) an Nin-dimensional input subspace PD
in is generated

from the set of the projected input images

ftðxin
l0 ÞgL

0
i0¼1 onto the Dc (note that PD

in is replaced by

a vector for CSM),
2) the similarities fSkgCk¼1 between PD

in and all the class

subspaces fPD
k gCk¼1 are calculated by using Eq. (2),

and
3) the class subspace with the highest similarity is

determined to be that of the identified class if the
similarity exceeds a threshold.

7.2 Algorithm of the KCMSM

Fig. 9 shows the steps of the algorithm of KCMSM, exempli-
fied by a hand shape classification using multiple view
images.

Given: a set of C nonlinear class subspaces fPkgCk¼1,
obtained by applying KPCA to the set of the training images

fxk
l gLl¼1 of class kð¼ 1; . . . ; CÞ.

In the training phase,

1) an Nf
d -dimensional KGDS Df

c is generated from the

set of nonlinear class subspaces fPkgCk¼1 in the way
described in Section 6,

2) the nonlinear mapped images ffðxk
l Þg of the images

fxk
l g are projected onto the Df

c by using Eq. (17), and
3) an N-dimensional linear class subspace PDf

k of each
class k is generated by applying standard PCA to the

set of the projected images ftðfðxk
l ÞÞg.

In the testing phase,

1) the nonlinearmapped images ffðxin
l0 Þg of a set of input

images fxin
i0 gL

0
l0¼1 are projected onto the KGDSDf

c ,

2) anNin-dimensional linear input subspace PDf

in is gen-
erated by applying standard PCA to a set of the pro-

jected images ftðfðxin
l0 ÞÞg,

3) the similarities fSkgCk¼1 between the input subspace

PDf

in and all the class subspaces fPDf

k gCk¼1 are calcu-
lated by Eq. (2), and

4) the input subspace is classified into the class sub-
space with the highest similarity S if the similarity
exceeds a threshold.

8 EVALUATION EXPERIMENTS

We first validate that the various difference subspaces are
equivalent to the difference between multiple subspaces
through visualization of several difference subspaces for mul-
tiple Lambertian objects with uniform albedo. The images
usedhere are all real. In this validationwe considered the sim-
plest situation, where the relative position between camera
and object was fixed. Next, we confirm the validity of GDS/
KGDSprojection for the subspace-basedmethods.

8.1 Difference Extraction with DS and GDS

To examine the characteristic of DS, we visualized the
orthogonal basis vectors of the DS between illumination

Fig. 9. The flow of KCMSM in hand shape classification.
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subspaces of two objects with similar overall shapes in the
two following cases.

In the first case, we considered two complicated cow
reliefs with a height of 20 cm and a width of 30 cm. The
cow reliefs are slightly different in that relief-1 has a
small scoop on its shoulder region, while relief-2 has no
such scoop. Figs. 10a and 10b show examples of 420�640
pixel images of both the reliefs, which were captured
from a fixed viewpoint with various illuminations. Their
surfaces were coated by white paper clay and had no
shadows, so that the surfaces can be almost regarded as
Lambertian surfaces.

Fig. 10c shows the orthonormal basis vectors of the three-
dimensional PCS and three-dimensional DS between two
three-dimensional illumination subspaces of the reliefs. We
can see that the scoop region is emphasized in the basis vec-
tors of the DS. Fig. 10d shows the original images and the
corresponding projected images, which demonstrate that
the DS projection can selectively extract the region corre-
sponding to the shape difference.

In the second case, we considered three balls of the same
radius but with a different number of convex parts on their
surfaces, as shown in Fig. 11a. Ball-1, Ball-2, and Ball-3 have
two, three, and four convex parts, respectively. Their surfa-
ces were coated by white paper clay. Thirty images of each
ball were captured from a fixed camera view under various
illumination conditions. A six-dimensional GDS was gener-
ated from the three three-dimensional illumination subspa-
ces of the three balls. Fig. 11b shows the orthonormal basis
of the three-dimensional PCS and the six-dimensional GDS.
Only the two convex parts corresponding to the differences

among them are selectively emphasized in the basis vectors
of the GDS.

8.2 Difference Extraction with KDS and KGDS

We visualized the orthonormal bases of KDS and KGDS in
two cases.

In the first case, we considered two sets of multi-view
images of two Venus sculptures, Venus-1 and Venus-2. They
are slightly different: Venus-1 wears two earrings, but Venus-
2 does not. Figs. 12a and 12b show examples of the multi-
view images with size 63�48 pixels of the Venus sculptures
rotating on a turntable under a fixed view and illumination
condition. A 100-dimensional nonlinear subspace was gener-
ated from a set of the multi-view images of each Venus sculp-
ture. A 100-dimensional KDS was generated from the two
100-dimensional subspaces. An exponential kernel function

with s2 ¼ 5was used for the nonlinearmapping.
Since it is impossible to visualize an image projected onto

a KDS/KGDS in the feature space due to its infinite

Fig. 10. PCS and DS of two real cow reliefs.

Fig. 11. PCS and GDS of three real balls.

Fig. 12. Projecting images onto nonlinear KDS.
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dimensionality, we searched for the preimage in the original
input space I, corresponding to the projected image, by
using the search method [37]. Fig. 12c shows input images,
the preimages corresponding to the projected input images,
and the emphasized images of the input image from the
preimages. The visualization results show that only
the regions corresponding to the differing parts (the two
earrings) are clearly extracted in the preimages; this is what
was expected.

In the second case, we considered three kinds of
Venus sculptures with slight differences. Venus-1 has a
necklace and two earrings; Venus-2 wears two earrings;
Venus-3 has no decorations. Three 150-dimensional non-
linear subspaces were generated from the set of multi-
view images of each Venus, and then a 300-dimensional
KGDS was generated from the three 150-dimensional
nonlinear subspaces. Fig. 13 shows input images, the pre-
images corresponding to the projected input images, and
emphasized images. The results indicate clearly that the
differences between the three Venuses, that is, only the
regions of the two earrings and the necklace, were selec-
tively extracted. These results provide evidence that the
KDS/KGDS projection works well to extract the differ-
ence between multiple subspaces.

8.3 Validity of Projecting onto GDS for SM

In order to confirm the validity of GDS projection for the
SM, we performed a facial recognition experiment with
data from the widely used public database, Yale face data-
base B+ [6].

In this experiment, we used the SM with a specific nine
-dimensional illumination subspace as a baseline. This spe-
cific illumination subspace is generated from a set of nine
front face images of a person under the nine specific lighting
conditions shown in Fig. 14. As a result, the illumination
subspace can accurately approximate an illumination cone,
which consists of all the possible images of a face under var-
ious lighting conditions [7].

We refer to this method as SM -9PLmethod in this paper,
to emphasize that it is based on SM (it is called the “nine
points of lights method” in [7]). The experimental results in
[7] give evidence that the SM-9PL significantly outperforms
the conventional correlation, Eigenfaces [19], nearest neigh-
bor, cones-attached [6], harmonic images [8], harmonic
images-cast [8], and gradient angle [38] methods. The SM-
9PL achieved performance comparable to the state-of-the-
art cones-cast method [6]. The SM-9PL that incorporates the
GDS projection is referred to as CSM -9PL. We compared
the performances of SM-9PL with those of CSM-9PL.

8.3.1 Experimental Settings

The Yale face database B+ consists of face images of 38 sub-
jects. These images were acquired under 64 different light-
ing conditions in nine different poses [7]. The database has
four subsets, clustered according to the angle that the light
source direction forms with the camera’s axis. We selected
29 individuals from the database; these individuals’ images
were completely acquired across the four subsets. Only the
front face images were used in this experiment, so that our
evaluation database contains 1,305 images of 29 subjects
under 45 different lighting conditions in the front pose. We
converted the cropped images of 640 � 480 pixels to images
of 32 � 24 pixels.

The class subspace of each subject was generated from the
nine specific images used in the SM-9PL. A GDS was gener-
ated from the 29 nine-dimensional class subspaces. We set
the dimension of the GDS to 231, at which the orthogonal
degree, v, was maximal. The remaining 36 images, corre-
sponding to 36 lighting conditions except for the nine specific
lighting conditions, were used as input images in the testing
phase. The total number of trials was 1,044.

8.3.2 Experimental Results and Discussions

Table 1 shows a comparison between the performances of
the SM-9PL and the CSM-9PL in terms of the EER. Note
that the recognition rates of both were 100 percent due to
using 9PL illumination subspaces, as discussed in [6], [7].
The GDS projection improves significantly the EER of the
SM-9PL, from 2.73 to 0.07 percent. This advantage of the
CSM-9PL can be also clearly seen in the receiver operating
characteristic (ROC) curves as shown in Fig. 15.

8.4 Validity of Projecting onto GDS for MSM

To confirm the validity of GDS projection for MSM, we com-
pared the performance of CSM/CMSM (GDS projection +

Fig. 13. Projecting images onto nonlinear KGDS.

Fig. 14. Nine images of a person illuminated by nine specific lighting
points.

TABLE 1
EER(%) of the CSM-9PL and the SM-9PL

Subset1 Subset2 Subset3 Subset4 Mean

SM-9PL 1.97 0.29 1.08 7.59 2.73
CSM-9PL 0 0 0.29 0.01 0.07
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SM/MSM) with that of SM/MSM and several related
methods: OMSM (Orthogonalization + MSM) [29], [39],
discriminant analysis of canonical correlations [13], sparse
representation classification (SRC) [40], and Grassmann
discriminate analysis [32]. GDA is the Fisher discriminate
analysis (FDA) on a Grassmann manifold, Grðr; fÞ with
r ¼ 20 and f ¼ 256 in this case, with the kernel of projec-
tion metric. We consider facial recognition from the CMU
Multi-PIE database [36] under the same settings as in the
evaluation in Section 5.

GDS projection and Fisher discriminative analysis (FDA)
share the same purpose of effective extraction of discrimina-
tive features, although their mechanisms are different from
each other. To extend our comparisons, we also evaluated
the performance by the combination of FDA + MSM, in
which the FDA was used as a pre-processing for the MSM.

8.4.1 Experimental Settings

SM and SRC use a single input vector whereas MSM
requires multiple input images. To evaluate their perfor-
mance under the same condition as in MSM, we use the
mean of the similarity values of multiple input vectors as
the similarity for the images. The dimensions of the class
subspace and testing subspaces were fixed to 10 and 16, for
DCC and the other methods, respectively. We generated the
GDS from 128 class subspaces with dimension 16. The
dimension of the GDS was set to 211, which corresponds to
the maximal orthogonal degree as shown in Section 5.

8.4.2 Experimental Results and Discussions

Table 2 shows the performance of all the considered meth-
ods in terms of ER (%) and EER (%). GDS projection signifi-
cantly improves the performance of MSM. CMSM improves
on CSM, which previously showed superior performance to
that of conventional methods in earlier experiments. As
expected, the rates achieved by CMSM are very similar to
those of OMSM, which reflects that GDS projection is equiv-
alent to orthogonalization. FDA did not improve

significantly on MSM, possibly because FDA extracted a
feature optimal for methods based on Euclidean distance,
but not necessarily for subspace-based methods such as SM
and MSM.

The table shows that SRC and GDA also give good
results. In particular, the low EER by GDA supports that
FDA on the Grassmann manifold worked effectively. DCC
did not perform as well as CMSM and GDA, which could
be due to the comparatively few (20) training patterns in
this experiment.

8.5 Validity of Projecting onto KGDS for KMSM

To verify the validity of KGDS projection for KMSM, we
compared the KCMSM (KGDS projection + KMSM) with
those of KMSM [11], [26] on the classification of 30 kinds of
hand shapes. To confirm that KGDS projection has the same
effect as the standard orthogonality method, we also com-
pared the performances of KCMSM to those of kernel
orthogonal MSM (KOMSM) [31]. As related subspace-based
methods,1 we evaluated the performance of GDA.

8.5.1 Experimental Settings

We collected the multi-view images of 30 kinds of hand
shapes at 1 fps from 100 subjects for 4 seconds by using a
multi-camera system equipped with seven synchronized
cameras intervals of 10 degree [14]. During the collection,
the subjects were asked to rotate their hands at a constant
speed to increase the number of viewpoints. Fig. 16a shows
the 30 kinds of hand shapes. Fig. 16b shows the seven-view
images of hand #30.

A hand region was roughly cropped from an input
image, resized to 25�25 pixels and vectorized to a 625-
dimensional raw image vector. Stable segmentation of a
hand region is difficult due to the different shape of every
hand class and the difficulty in defining stable and repro-
ducible feature points. To deal with this, we also used 313-
dimensional FFT features as position invariant features.
These were extracted by applying the fast Fourier transform

Fig. 15. ROC curves of the CSM-9PL and the SM-9PL.

TABLE 2
The Performance of Different Methods on the CMU Database

SM

[1]

GDS

+SM

DCC

[13]

SRC

[40]

GDA

[32]

MSM

[9]

FDA

+MSM

Orth+

MSM [29]

GDS

+MSM

ER 16.5 11.5 8.9 9.4 7.1 13.0 9.4 5.1 5.5

EER 13.3 5.7 6.5 2.5 1.4 7.8 4.1 2.4 2.4

Fig. 16. Testing data set for hand shape recognition.

1. For an option of applying Kernel FDA to KMSM as in the previ-
ous experiment, appropriate evaluation was not available for KSM/
KMSM with KFDA because the dimension of the discriminate space
generated by KFDA (=29) was too low for them to be applied.
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to the cropped images and then vectorizing half of the
obtained frequency images. All the feature vectors were
normalized in length.

To form training and testing data sets, we randomly
divided subjects into two groups. The images of one group
were used for training and those of the other were used for
testing. We evaluated each of the algorithms on the data
sets from ten random group divisions. The average of the
ten trials was used as the final algorithm evaluation index.
A nonlinear class subspace of each hand shape was gener-
ated from the set of 1,400 (7 cameras �4 images �50 sub-
jects) images.

The testing subspaces were generated from 28 images of
every combination of subject and shape. The total number
of generated testing subspaces was 1,500 (=30 shapes �50
subjects). The dimensions of the testing and class subspaces
were set as shown in Table 3. KGDS was generated from the
200-dimensional 30 nonlinear class subspaces for Raw fea-
ture and its dimension was set to 4,200, at which the value
of v is maximal. For FFT feature, a 2,200-dimensional KGDS
was generated from the 100-dimensional thirty nonlinear

class subspaces in the same way. The values of s2 of kernel
function was set to 0.8 and 0.145 for Raw and FFT features,
respectively. For GDA Grassmann manifolds, Grð20; 625Þ
and Grð20; 313Þ were utilized for Raw and FFT features,
respectively. A 620-dimensional GDS for CMSM with Raw
feature was generated from the thirty 30-dimensional linear
class subspaces. A 311-dimensional GDS was also generated
for FFT feature in the same way.

8.5.2 Experimental Results and Discussions

Table 3 shows the performance of all the methods in terms
of ER and EER. The results clearly show that KGDS projec-
tion enhanced the performance of KMSM. The improve-
ment was further amplified by using FFT feature images
with position invariance. This suggests that we select effec-
tive position-invariant feature more carefully, although the
subspace-based methods could achieve comparative practi-
cal performance using multiple images. The equality
between KCMSM and KOMSM in the performance levels
indicates that KGDS projection plays an equivalent role to
orthogonalization.

8.5.3 Discussions in Relation to GDA

In terms of Grassmann manifold, MSM can be regarded as a
simple 1-NNmethod using the distance between two points
in the manifold where a DS is corresponding to a tangent
vector at the limit. These interpretations further suggest
that the projection on a GDS/KGDS may be well related to
concepts such as discriminant analysis and tangent spaces
on a Grassmann manifold. In our experiments the perfor-
mance of GDA turned out to be equivalent or superior to
that of our proposed method. This is likely because GDA
exploits information of the variance within each class
whereas KCMSM simply assumes homogeneity of variance,
and because each class is represented by a set of multiple
subspaces in GDA while it is represented by a single sub-
space in our method. Thus, it could well be the case that
GDA outperforms our method for inputs such as coming
from hand shape class that involve complicated distribu-
tions that are hard to capture by a single subspace.

On the other hand, unlike our methods, it is required in
GDA that the dimensions of input and reference subspaces
must be equal even in the case that the distributions of test-
ing and learning data sets are unbalanced, and this could
potentially pose a practical limitation. For example, let us
assume the number of available images to be limited in the
experiment of facial recognition (Section 8.4). In the case
that we have seven input frames for instance, it is observed
that the result of the GDS+MSM is better than GDA after
all. That is, the ER and EER of GDA with r ¼ 7 are 12.96 and
2.93 percent, respectively, while those of the GDS+MSM are
6.51 and 3.44 percent in the case of commonly using the
same dimension, Nin ¼ N ¼ 7, but further down to 5.86
and 2.86 percent, respectively, in the original setting with
N ¼ 16 for the class subspace.

Further detailed analysis on the relationship to GDA is
beyond the scope of this paper, but we note that our meth-
ods are simple and therefore widely applicable, thanks to
the general mathematical concept of the difference subspace.

9 CONCLUSIONS

This paper proposed a framework for extracting differences
between multiple subspaces to fundamentally address the
object recognition problem by subspace-based methods. The
frameworkwas built on a new concepts of DS and a generali-
zation of this idea, GDS. First, DS was defined as a subspace
corresponding to the difference between two subspaces, a
natural extension of a difference vector between two vectors.
Then, DS was generalized to GDS to allow more than two
subspaces. DS andGDSwere then extended to nonlinear ker-
nel versions, KDS and KGDS. By visualizing the difference
subspaces between illumination subspaces of 3D objects, we
confirmed that the various types of difference subspaces
indicate the difference betweenmultiple subspaces.

We discussed and demonstrated a close relationship
between GDS/KGDS projection and Fukunaga and Koontz’s
orthogonalization method. This relationship led to the idea
that the optimal dimensions of a GDS/KGDS should be set
such that the orthogonal degree among projected class sub-
spaces is maximized. We incorporated GDS/KGDS projec-
tion into the family of subspace-based methods to enhance
their performances. The validity of the proposed framework

TABLE 3
Experimental Results of Hand Shape Classification

Raw image feature

MSM
[9]

GDS

+MSM

GDA
[32]

KMSM
[11], [26]

KOrth+
KMSM [31]

KGDS

+KMSM

Test dim 5 5 20 20 20 20
Class dim 30 30 20 200 200 200
ER (%) 22.55 17.12 10.50 12.52 9.43 9.28

EER (%) 18.49 13.77 3.66 15.95 5.59 5.15

FFT feature

MSM
[9]

GDS

+MSM

GDA
[32]

KMSM
[11], [26]

KOrth+
KMSM [31]

KGDS

+KMSM

Test dim 5 5 20 7 7 7
Class dim 30 30 20 100 100 100
ER (%) 11.99 8.78 4.45 7.13 5.66 5.84

EER (%) 17.69 13.00 1.67 13.17 4.00 3.29
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was extensively evaluated through 3D object recognition
experiments with data from the Yale face database B+, the
CMU Multi-PIE database, and a hand shape database cre-
ated for these experiments. GDS/KGDS projection are also
related to analysis on the Grassmannmanifold. Thus, we dis-
cussed their relation through evaluations of the performance
of Grassmann discriminate analysis.
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